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1. Introduction 

Recently, higher order generalizations of the sixth Painleve equation (Pvi) has been studied 
from a viewpoint of the monodromy preserving deformations of Fuchsian systems. It is shown 
in IfTOl ITTIl that any irreducible Fuchsian system can be reduced to finite types of systems by 
using Katz's two operations, addition and middle convolution H). It is also shown in [4] that the 
isomonodromy deformation equation is invariant under Katz's two operations. Those fact allows 
us to construct a classification theory of isomonodromy deformation equations. 

The Fuchsian systems with two accessary parameters were classified by Kostov IfTO) . According 
to it, they are reduced to the systems with the following spectral types: 



4 singularities 


11,11,11,11 


3 singularities 


111,111,111 22,1111,1111 33,222,111111 



The system with the spectral type {11,11,11,11} gives P V i as the monodromy preserving defor- 
mation. The other three systems have no deformation parameters, thus we can not derive isomon- 
odromy deformation equations from them. 

In general, Fuchsian systems can be classified with the aid of algorithm proposed by Oshima 
HD. The systems with four accessary parameters are reduced as follows: 



5 singularities 


11,11,11,11,11 


4 singularities 


21,21,111,111 31,22,22,1111 22,22,22,211 



In addition to them, there exist nine systems which have three singularities; we do not list here. 
Sakai investigated their monodromy preserving deformations systematically and derived the four- 
dimensional Painleve systems as follows: 



Spectral type 


Painleve system 


Ref. 


11, 11, 11, 11, 11 
21,21, 111, 111 
22,22, 22,211 
31,22, 22, 1111 


Gamier 
Fuji- Suzuki 
Matrix type 
Sasano 




Ifl2lfl5l 

ma 
ma 



An aim of this article is to investigate the monodromy preserving deformations of the Fuchsian 
systems with six accessary parameters. They are reduced as follows: 



6 singularities 


11, 11, 11, 11, 11, 11 


5 singularities 


21,21,21,21,111 31,31,22,22,22 


4 singularities 


21,111,111,111 22,22,211,211 22,22,22,1111 
31,22,211,1111 31,31,1111,1111 33,33,33,321 
42,33,33,222 51,33,222,222 51,33,33,111111 



In addition to them, there exist 24 systems which have three singularities; we do not list here. 
Among those 12 systems, the following ones have been already investigated: 



Spectral type 


Painleve system 


Ref. 


11,11,11,11,11,11 


Gamier 





31,31,1111,1111 


Fuji-Suzuki-Tsuda 


ma 


33,33,33,321 


Matrix type 


m 


51,33,33,111111 


Sasano 


UD 



In this article, we investigate for the other eight Fuchsian systems and derive six-dimensional 
Painleve systems. 

The other aim of this article is to give particular solutions of the six-dimensional Painleve sys- 
tems in terms of hypergeometric functions. It is known that P V i and the four-dimensional Painleve 
systems admit particular solutions as follows: 



Painleve system 


Rigid system 


HGF 


Ref. 


11, 11, 11, 11 
11, 11, 11, 11, 11 
21,21,111,111 


11,11,11,11 
21,21,21,21 
21,111,111 


iF\ 

Pi (Fi) 
3F2 


HI 


Ell [El 



And, for the six-dimensional ones, we obtain the following results: 



Painleve system 


Rigid system 


HGF 


Ref. 


11,11,11,11,11,11 


31,31,31,31,31 


Pa (F d ) 


151 


21,21,21,21,111 


31,31,22,211 




Sec. 5.1 


31,31,22,22,22 


31,22,22,22 




Sec. 5.2 


21,111,111,111 


211,211,211 




Sec. 5.3 


31,22,211,1111 


22,211, 1111 


E0 4 


Sec. 5.4 


31,31,1111,1111 


31,1111,1111 


4F3 





This article is organized as follows. In Section |2] and Appendix lAl we give explicit formulas 
of the six-dimensional Painleve systems. They are expressed as sixth order Hamiltonian systems. 
In Section [31 we recall the Schlesinger system and its Poisson structure. In Section [4] we discuss 
derivations of the Painleve systems from the Schlesinger systems. In Section [5l we give partic- 
ular solutions of the six-dimensional Painleve systems in terms of hypergeometric functions. In 
AppendixEl we recall the four-dimensional Painleve systems which have been classified by Sakai. 
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2. List of Hamiltonians obtained in this article 
It is known that P V i can be expressed as the Hamiltonian system 

t(t- 1)^ = {H m ,q}, t{t-\)% = {H Yl ,p}, 
at at 

with 

H Wi = iy V i(Q'o,«i,«3,o'4;<?,p;0 

(«! — 1 a 3 
P : r + aiiao + a 2 )q, 
q-t q-l q ) 

where chq + a\ + 2a 2 + a 3 + or 4 = 1 . Note that /> V i is derived from the Fuchsian system with four 
singularities and two accessary parameters. 

Such a property holds even in higher dimensional cases. The 2n-dimensional Painleve systems 
which have been derived until now can be expressed as the 2n-th order Hamiltonian systems 

<H m : ti(fi - 1)-^- = {H™, qi ], ti(ti - 1)-^ = {H?, pj} (i = l,...,N;j = 1, . . . ,n). 

Here the symbol m stands for each spectral type. In the case N = 1, we denote t\ and H\ by t 
and H respectively. Note that corresponding Fuchsian systems have N + 3 singularities and In 
accessary parameters. 

In this section, we give explicit formulas of the following Hamiltonians: 

£721,21,21,21,111 rj-31,31,22,22,22 . , n 
tlj , H i {l = l,Z), 

^■21,111,111,111 ^-31,22,211,1111 ^-22,22,211,211 ^22,22,22,1111 ^-42,33,33,222 ^-51,33,222,222 

The following ones are given in Appendix lAl 

^11,11,11,11,11,11 (i = \ 2 3) ^31,31,1111,1111 ^-33,33,33,321 ^-51,33,33,111111 

And the following ones are given in Appendix |Bj 

^11,11,11,11,11 q = I 2) ^21,21,111,111 ^-22,22,22,211 ^31,22,22,1111 

2.1. Spectral type 2 1 , 2 1 , 2 1 , 2 1 , 1 1 1 . 

tj-21,21,21,21,111 

uluuuui , h - 1 , v s / a Q + «3 + «5 a + a4- p3 «i 

= H ' + -<? 3 (<?3 - h)(q 3 - tl)P3\P3 : : 

h - 1 2 \ <? 3 - ti q 3 - 1 2 <? 3 

ti - 1 1 

- (a + a 5 + l)q 3 P3 + -a 2 P3Q3 + -<72<73(<7ii?i + QiPi + a + a 5 + \){q 3 p 3 + P3) 

t\ - t 2 t 2 

+ q\q3P3{q\P\ + <?2£>2 + a Q + a 5 + 1) + — - -q 2 q3{ti(h - l)pi - (h - l)hp 2 }(q3P3 + P3) 

t 2 {t\ - t 2 ) 

1 2 

+ q 3 p3{-(h + h- 2t 2 )qipi - h(ti - \)q 2 p x + (h - \)t 2 q x p 2 + h(t 2 - l)q 2 p 2 ) 

t\ - 1 2 

h 

+ ~ -P3{(h - l)hq\P\ - Oi - l)hq\p 2 + (h - h)q3P\}, 

n - h 
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and 

= //i 1 ' 11 ' 11 ' 11 ' 11 -p 3 q 2 {(q 2 - l)p 2 +q l p l + a + a 5 + 1} 



r/21,21,21,21,111 

H 2 



h ~ 1 , , . , ^ ( a Q + a 4 - p 3 - 1 a + a 3 + a 5 + 1 «i 
+ -<?3(<?3 - *l)(<?3 - h)P3\P3 ~ 



h ~ h \ q-i-h qi~h q 3 

h-\ 

- (ar + a 5 + 1)^3^3 + ~a 2 p 3 q 3 + qiq^PmiPi + + a + as + 1) 

r 2 - *i 

? 2 - 1 

- -qiq-iiPi - P\)(qsP3 + Ps) + hq x p 3 (q 2 p 2 + <7iPi + a + a 5 + I) 

h - h 

1 , 

+ q^pA^h + t 2~ ^h)qiPi + h(h - ^)q\Pi - (h - ^)hq 2 P\ - h(h - \)q\P\\ 

h - h 

h 

+ pA~ti(ti - \)q\pi + (t 2 - l)tiqipi - (t 2 - h)q 3 p 2 }, 

h - h 



where 



a Q = p 2 , «i = 6i, a 2 = 6 2 +p 3 , a 3 = 6 4 , a 4 = pi -p 2 + 1, a 5 = 6 3 - 1, 
and 6i + 6 2 + 9 3 + 6 4 + pi + p 2 + p 3 = 0. 

Remark 2.1. The system "7/21.21,21,21,111 re d uces to 7^11,11,11,11,11 v f a a specialization p 3 = p 3 = 0. 

2.2. Spectral type 31, 31, 22, 22, 22. 

tj3 1,3 1,22,22,22 rrll, 11,11, 11,11 , s U u . i x /. 1\ 1 

H. ' ' ' ' =H i - (or,- - ar i+1 )- — <? !+ i {(/,■- - fe+i - l)p i+ i) 

- (4 + X)q\p\ + {a t + a 3 - 1 + (a,- + a 4 )ti)q 3 p 3 
+ q i q 3 p 3 (2q 1 p 1 + 2q 2 p 2 + q 3 p 3 + 2a + a 5 + 1) 

- q 3 p M (2qiPi + q i+ ip i+ i + 2q 3 p 3 + a M + 2a + a 5 + 1) 

- 2fe + \)qiq 3 pip 3 + tiq i+l p 3 (q 3 p 3 - a t + a M ) 

+ 2t { q 3 pip 3 + 1 q 3 {ti(ti - X)p\ - 2ti{t M - X)p x p 2 + (t t - \)t M p 2 M }, 
ti - ti + \ 

for i e Z/2Z, where 

-e x +e 2 + 2p 2 n e l -e 2 n 1 n 1 

«o = 2 ' 0,1 = 01 ' a2 = — 2 — ' tt3 = a 4 = Pi -P2 + 1, «5 = v 3 - 1, 

and 0i + 62 + 26 3 + 26 4 + 2pi + 2p 2 = 0. 

Remark 2.2. The system <7Y 3131 ' 22 22 ' 22 reduces to the one <7Y 11 ' 1111 ' 1111 W uh a\ = a 2 via a special- 
ization q 3 = 6\ + 9 2 = 0. 

2.3. Spectral type 21, 111, 111, 111. 

#21,111,111,111 = #21,21,111,111 _ 02 it(qi _ qi)pi +(f _ l)qm _ qiqm{qipi + q3p3 - as + T j) 

+ q 2 q3P\{q\P\ + q 2 p 2 + q 3 p 3 + rf) + q x q 3 p 3 Qq\P\ + ^2P2 + <?3P3 + a\ + rj) 
- q 3 p\(q\P\ + <? 2 P2 - oc 3 + 77) - q 3 p 3 (tq 2 p l + q x p 2 ) - tp 3 {q x - q 2 )(q 3 p 3 - 9 2 ,i), 



where 

a = -p2, ai=0 3 ,2+P2, Oi2 = 3 ,i - 63,2, or 3 = -6 2 ,i - 63,1 - Pi, 

&A = Pi ~P3 + 1, 0-5= 6*2,1 + P3, n = 02,2 + #3,2 + P2 + P3, 
and 6\ + 2> 1 + 02,2 + 03,1 + 03,2 + Pi + P2 + P3 = 0. 

Remark 2.3. The system ^UiUiun re duces to 'H 21,21,111 ' 111 v/a a specialization q 3 = 6 2 ,i = 0. 

2.4. Spectral type 31,22,211, 1111. 

#31,22,211,1111 =jFf 21 ; 2Ul U ll +p4(Q , 5 _ 77 _ p4)92 

+ #vi(tf5 - ?7 - 2p 4 , «(), Q-2 + «3 + «4 + *7, <*1 ; <?3, P3; 

- ^qiq 3 (q 3 p 3 + P4)0?3P3 + «5 - *7 ~P4) 

- qiq 3 p3(2qip l + g 2 p 2 - <?3P3 + ai + n) + <72<?3P3(2giPi + <? 2 p 2 + g 3 P3 + ar 5 ) 
+ tq 2 p3{q\P\ - <?2P2 - <?3P3 + ari) + a 3 p 3 {(? + 1)<?iPi - 2^ 2 Pi + <7iP2 - ^2} 
-tpip 3 (qi -tq 2 ), 

where 

<*0 = 03,2, «1 = ~#2 - #3,2 - P2 - P4, a 2 = 6 2 + #3,1 + P2 + P4, 

«3 = -02 - #3,1 "Pi ~P4, ar 4 =Pl-P3 + l. Q-5 = #2 +P3 +P4, *1 = p 3 - p 4 , 

and 0i + 20 2 + #3,1 + #3,2 + Pi + P2 + P3 + P4 = 0. 

Remark 2.4. The system 7/31,22,211,1111 re( i uces to ^21,21,111,111 vz - a fl specialization p 3 = p A = 0. Zf 
a/50 reduces to <7^ 3122 ' 221111 V z'a a specialization {q\ - i)p\ - q 3 p 3 - a 2 = a\ + a 2 = 0. 

2.5. Spectral type 22,22,211,211. 

#22,22,211,211 = tr{e(e _ _ f)p _ (ai _ l)Q{Q _ 1)p _ a3 Q (Q _ f)p 

- a 4 (Q - 1)(Q - t)P + a 2 (a Q + a 2 )Q + (t - \)R{QP - a 4 )}, 

with 

p U Pi - P2 \ Q = J« M R = t° -^-q 3 ) P2 - Pl+P3 

t \q2P2 + a 2 + a 5 P 3 ) \-q 2 q 3 ) \0 a Y + X2 - 1 

where 

a = #2, Ctl = -03,1 + 1, «2 = ~P3, 

a 3 = 0i+ 2 + 3a + 2p 3 , a 4 = -0 U a 5 = -0 X - 2 - X2 - p 2 , 
and 20i + 20 2 + 3j i + 3 , 2 + Pi + P2 + 2p 3 = 0. 

Remark 2.5. The system <H 22 ' 22 ' 211 - 211 reduces to <K 22 22 ' 22 211 via a specialization R = O. 

5 



2.6. Spectral type 22,22,22, 1111. 

#22,22,22,1111 = tr{Q(Q _ l)p{Q _ f)p _ _ m{Q _ l)p _ a3 Q (Q _ t)p 

- a 4 (Q - \){Q - t)P + a 2 (a + a 2 )Q + R(QP + PQ)(Q - t) + (or - a 2 + p 4 )RQ}, 

with 

p = l( Pi -Pl\ Q = -tl q3 M R = i a2+P4 (91 ~ Q3)P2 + Pi ~ P3 

" t \qiPi + «2 + a 5 pi)' \-q 2 qi)' \ 

where 

a = 9 2 , a x = -0 3 + 1, a 2 = -p 3 , 

a 3 = 0\ + 9 2 + 3 + 2p 3 , a 4 = -Qu as = -B\ - 2 - 6 3 - p 2 , 
and 20i + 28 2 + 26 3 + p x + p 2 + p 3 + p 4 = 0. 

Remark 2.6. The system 7-f 22 ' 22 ' 22 ' 1111 reduces to ( j-{ 22 ' 22 - 22 ' 2n v [ a a specialization R = O. 

2.7. Spectral type 42, 33, 33, 222. 

#42,33,33,222 

= #vi(-0i - 02 - P2, -^1 - 20 2 - 03 - P2 - 2p 3 + 1, 0i + 03, 0i + 2 + 2p 2 + 2p 3 ;q uPl ; t) 
(f , 0i - 02 + 2p 2 

+ qiPlifPl ~p 2 ) <?2P2 

. „ , 0i-0 2 + 2p 2 0i + 2 + 20 3 + 2p 2 

+ #vi( ^ ' 2 ' ~ ~ ~ ~ q2 ' P2 > 

- 2(t + \)q\p\ - {-0i - 2 - 20 3 + 1 + (30i + 30 2 + 20 3 + 4p 2 + 4p 3 - \)t}q 3 p 3 
-q\q 3 {q\P\ + 2 )(<7iPi - Q\ -p 2 ) 

0!-0 2 + 2p 2 0i + 30 2 + 2p 2 + 4p 3 

- q\q 2 p\{q\p\ ) + q 2 q^p^{2q 2 p 2 + q 3 p 3 + ) 

+ tq 3 p 2 {-2q x p x + 3q 2 p 2 + 4q 3 p 3 + 20! + 20 2 + 2p 2 + 4p 3 ) 
+ q 2 p 3 QqiPi ~ qsPs - — — 6 2l2£l) + 2(t + \)q 3 p 3 (qipi - q 2 p 2 ) 

- 2t{(t + \)q 3 p\ + P\p 2 {q\ + q 2 ) + q 3 p 3 (Pi - 2p 2 )} + 2tp x {{t + l)p 2 - p 3 }, 
where 30i + 30 2 + 20 3 + 2pi + 2p 2 + 2p 3 = 0. 

2.8. Spectral type 51, 33, 222, 222. 

H 51 ' 33 ' 222 ' 222 =H Y1 (a 3 ,-a l -2a 2 -2a 3 + l,a u a 3 ;q uPl ;t) 
+ H W i(a 3 , -2a 3 - 2a 4 -a 5 + l,a 5 , a 3 ; q 2 , p 2 ; t) 
+ H W i(a 3 , -a - 2a 3 - 2a 6 + l,a , a 3 ;q 3 , p 3 ;t) 
+ {(qi - l)pi + a 2 }{(q 2 - 1)P2 + cc 4 }(q\q 2 + t) 
+ K<?2 - 1)P2 + «4}{(^3 - 1)P3 + a 6 }(q 2 q 3 + t) 
+ (0?3 - 1)P3 + a 6 }{(qi - l)pi + a 2 }(q 3 qi + t), 



where 

a = -61 - p 3 + 1, a i = -O y - 6 X2 - Pi, a 2 = Q\+ #3,1 + Pi, 
tf3 = #3,2+P3, Qr 4 = — - — , a 5 = p 2 , a 6 = G l +pu 
and 30i + 2 + 20j.i + 2fl 3 , 2 + 2p x + 2p 2 + 2p 3 = 0. 

Remark 2.7 ([2]). This system is also derived from the Drinfeld-Sokolov hierarchy of type E ( ^ by 
a similarity reduction. 

3. SCHLESINGER SYSTEM 

We recall the Schlesinger system and its Poisson structure following d [T2]| . Let Ai, . . . , A N+2 e 
M L (C). Consider a system of linear differential equations on P ! (C) 

d N+2 A 

(=1 1 

with regular singularities x = t\, . . . , t^+2, 00 • We assume that each residue matrix A, can be 
diagonalized. The monodromy preserving deformation of the system (13.11) is described as a system 
of partial differential equations 

dAj [A u Aj\ r . ^ dAi ^ [AuAj] 



dti ti - tj 



U * 0, V = - > , (3-2) 



which is called the Schlesinger system. Note that the residue matrix A^ := - Y!i=\ Ai at x = 00 is 
a constant matrix. 

The system (|3.2I) can be expressed as a Hamiltonian system 

dA t ^ txAiAf 

' - « 4 1 h ' - x ' (3.3) 



1 ' 3 



with the Poisson bracket defined by 

{(Aj)jy, (A y ) v } = <),/{(>,/(/\;)a, - 4,,(A ; ),,/}, (3.4) 

where 5,j stands for the Kronecker delta. In order to derive the canonical Hamiltonian system 
from (13.31 ), we use the method established in Q. Consider a decomposition of matrices A, as 



Ai = Bid, Bi = (bf^ k i e M L , rankA ,(C), Q = (cg) / ft e M rankA ,, L 

Then we can regard and cf h as canonical variables. In fact, the Poisson bracket 

[b%,c%} = \, {otherwise} = 0, 
implies the above one (13.41) . Here the symplectic form is expressed as 

N+2 N+2 L rankA, 

oj = Yj *(dBi A dd) = YjYjYj db ti A dc Uc- 



Note that the number of accessary parameters of the system (13.11) is generally less than the dimen- 
sion of a space of matrices (B\,C\, . . . , B N+2 , C N+2 ). We denote the multiplicity data of eigenvalues 
of A\, . . . , Aat +2 , Aco, called a spectral type, by 

{m u . . .m Ul , . . . , ffljv+2,1 . ..m N+2 j N+2 , m^j . . .m^jj . 

Then the number of accessory parameters of (13.11 is given by 

N+2 k ko 

(N + 1)L 2 -£2X-£</ + 2- 

'•=1 7=1 7=1 

The following lemma plays an important role in derivation of the Painleve systems. 
Lemma 3.1 (H21). Let G e GL L (C), B { = G~ x B t and C t = Cfi. If a condition 

tr{A co (JG)G" 1 A (dG)G- 1 } = 0, 

is satisfied, then we obtain 

N+2 



co = ^ tr(dBj A dQ). 



i=1 



Thanks to this lemma, via a gauge transformation A,- = G 1 A i G, the system (|3.3I) with (13.41) is 
transformed to 



dAj ~ ^ trA^A, 

at, /—I . ti- tj 

J=Uj*i 3 



with a symplectic form w = Ym=\ tr(J5; A JC,), where 

A t =Bfi h % e M LrankXi (C), C ; .eM rankA - L 

In the following, we always assume that 

(1) = 1 and t N+2 = 0; 

(2) A N+ 2 is a upper diagonal matrix; 

(3) Aoo := - Yli=\ A t is a lower diagonal matrix. 



4. Derivation of the Painleve system 

In the previous section, we define the Schlesinger system Sl,n as a Hamiltonian system. In 
this section, we derive six-dimensional Painleve systems from the systems Sl,n with the following 
spectral types: 

{21,21,21,21,111}, {31,31,22,22,22}, {21,111,111,111}, {31,22,211,1111}, 
{22,22,211,211}, {22,22,22,1111}, {42,33,33,222}, {51,33,222,222}. 

First we discuss a derivation for a spectral type {21,21,21,21,111}. The other seven systems can 
be derived in a similar manner, thus we state only results for them. 
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4.1. Spectral type 21,21,21,21,111. We consider the system iS 3j2 with matrices 



1 ^ 

u 2 



[Oi - bfcf - bfcf cf cf) (i=l, 2, 3), 



and 



These matrices satisfy a relation 





(04 


(0) 
u \2 


w 13 




fPl 

a (oo) 

w 21 


(T 


A 4 = 











4 - 


P2 









o J 




(oo) 
V a 31 


P3, 



A i + At + A? + A 4 + Aco = 0. 



(4.1) 



Note that a Fuchsian relation 6\ + 02 + #3 + #4 + Pi + P2 + P3 = is also satisfied. The symplectic 
form is given by 

co = db ( 2 l) A dcf + dbf A dcf + rffcf A dcf + dbf A rfcf + dbf a dcf + } A dcf. (4.2) 

In the following, we derive a six-dimensional canonical coordinate system by substituting the 
relation (1470 to the 2-form (|4~2l . 



The (2, 2)-component and the (3, 3)-component of (14.11) are described as 

fcfcf + bfcf + bfcf + P2 = 0, fcfcf + bfcf + bfcf + P 3 

Substituting them to (14.21) . we obtain 



„(i) 



w = d(cfbf) A + d(cfbf) A + d{cfb™) A J-^ + d(cfbf) a 

2 ^"3 ^"2 



J3)r(l)x 



.(2) 
_2_ 

.,(3) 



+ d(cfbf) A J- 

Hence we can define a eight-dimensional canonical coordinate system by 



„(2) 



(3)A(2K 



3_ 

(3)' 



(4.3) 



., ,, _ r Q) h (i) 



„ .. _ J3)/T2) 



c (1) 

1 2 (3) r(l 

c 2 

„(2) _(2) 
1 2 (3); (2) 1,1 3 

/t2 = — , y.4 = C 3 t> 3 , A 4 + A 2 = — . 



4 1} 

A 3 + A 1 = — , 

C 3 



'2 "3 

Note that the Hamiltonians K t (i = 1, 2) are expressed as polynomials in the dependent variables 
fij, Aj (j = 1 , 2, 3, 4); we do not give their explicit formulas here. 

In terms of the variables fi h A h we can describe the (3, 2)-component of (14.11) as 



fi 3 A 3 + IU4A4 +p 4 = 0. 



Substituting it to (14.31 ), we obtain 



co = d/di A A\ + d/x 2 A A 2 + d(A 4 [i 3 ) A d — . 

A4 

Hence we can define a six-dimensional canonical coordinate system by 



Pi 



—t\M, P2 - -—, 



42 
9 



-t%A2, P3 - - 



J-4^3 

h 



q\ = — 



M3 
A* " 



Let 



Then we arrive at 



h 



Theorem 4.1. The dependent variables Pj,qj (j = 1,2,3) defined above are found out to be 
canonical coordinates of a six-dimensional system with the Poisson bracket 

{p h qj} = 6ij, {p h pj] = {q h qj) = (i, j = 1,2, 3). 

Furthermore, they satisfy the Hamiltonian system <7Y 21 ' 21 ' 21 ' 21 ' 111 . 

In the last, we note that the dependent variables Pj,qj (j = 1,2,3) are expressed in terms of 
components of residue matrices A t (i = 1, 2, 3, 4) as 



'2 c 2 



'2 w 2 



'3 c 3 



'3 L 3 





c (1) 


<h_ _ 


2 


h ' 


„(3) ' 
L 2 




c (2) 


£2 _ 


L 2 


t 2 ' 


„(3)' 
c 2 



?ip 3 = - 



, (IV (2) (3) (2) (3k 

b\ \C\ >c\ - C\ >C\ Q £3 

.(3) ' U 



(1) (3) (1) (3) 
L 3 L 2 L 2 L 3 
" (2) J3) _ (2) (3)' 
L 3 L 2 L 2 L 3 



4.2. Spectral type 3 1 , 3 1 , 22, 22, 22. For this case, we consider the system S^ 2 with matrices 
( 1 \ 

(Gt-bfcf-bfcf-bfcf cf cf cf) (i =1,2), 



At 



u 2 
b (0 



(J \ /l,(3) z,(3)\ / (3) (3)\ 



and 



A 4 = 



$4 flj^ ^]4^ 

$4 fil^ 



,0 J 



Pi 





0^ 
Pi 

P2 



(00) (00) 
^^31 ^^32 

(00) (00) n 



Note that a Fuchsian relation 6 } + 6 2 + 29 3 + 26 4 + 2p x +2p 2 = is satisfied. 

10 



Let 



hpi = 

<h_ _ 

h 

£2 _ 

ti " 

ht 2 p3 = - 

3L 
hh 



(b 



+ Z? (1) c (2) )(c (3) c (3) - c (3) c (3) ) 

' U A L /t 13 24 '4 23/ 



V L 3 L 24 


L 4 L 23-' 


u 2 V L 3 c 14 




V L 3 L 24 


L 4 L 23'' 


y 2 V c 3 1-14 






„(3)„(3) 
L 13 L 24 


„(3)„(3) 

L 14 C 23 




V L 3 L 24 


L 4 L 23'' 




L 4 c "13-' 



„(3)„(3) 
C 13 L 24 



„(3)„(3) 
c 14 c 23 



',(!)^(3) I,(1)J3)>» 



(^-*?){(cfcg-cfcg)-^(c^ 



L 14 L ^ L 



13 



)} 



W-b?){cfcf-c?cf) 



_(3) _(3) _ (3) (3) 
C 13 L 24 c 14 c 23 



and 



? 2 /?2 



2(^i^2 - qi) (c 



fc (1 V 2) + c (1 V 2) Xc (3) c (3) - c (3) c (3) ) 

V c 3 W 3 T C 4 W 4 A ( -|3 ( -24 L 14 L 23 ^ 



(D„(3) 
c 24 



c 4 c 23-' 



,(D„(3) 
3 L 14 



L 4 L 13-' 



We also set 



*2 f 3 



Then we arrive at 

Theorem 4.2. The dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7/ 3 1,3 1,22,22,22 
4.3. Spectral type 21,111,111,111. For this case, we consider the system with matrices 



A x = 



( 1 \ 



\b 



2 

(i) 
3 t 



(0i - ft 



2 C 2 ^3 



(DJl) 

Co 



.(1) Jl) 



) 



A 2 = 



1 

,(2) 



1 \ 



b y ' b 

u 2\ u 22 
[b (2) b (2) 



(2) 
22 
(2) 
32/ 



.(2) (2) 



11 

.(2) 

'21 



'12 
.(2) 

'22 



„(2) 

"13 
„(2) 
"23 



where 



,(2) J2) f2) 



'11 

,(2) 
'21 



"12 
.(2) 

'22 



'13 
.(2) 
"23 



( 1 M 

"21 "22 

1^(2) & (2)i 

V"31 "32/ 



_ I 02,1 







02,2 



and 



A, = 



fa /7 (0) ^ 

#3,1 d\2 a \3 

03,2 

[ J 





fpl 





(T 


— 


(00) 
fl 21 


P2 







(CO) 

^31 


(00) 
a 32 






P3, 



Note that a Fuchsian relation 0j + 2 ,i + 02,2 + 03,i + 03,2 + Pi + P2 + P3 = is satisfied. 
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Let t = t\ and 



tpi 
tp2 

tP3 



b W c (2) ( (2) (2K 



„(2) 
'23 



t 



„(D„(2) 
c 2 c 23 



-b Kl) (c yz> + c {2) ) — = 



^2 



-(2)^(2) 
'22 

.(1) 



C 22^13 + C< 23^ 



(2) , (2)' 
L 13 T c 23 



^(2) (2) ( (2) (2K 

J2) 
c 23 



<?3 



„(2)„(2) _ (2) (2) 
L 12 L 23 L 13 c 22 



,(2)^(2) 



( ^ _i_ (2)\ 
V C 13 + C 23 ^ 



'22^13 



We also set 



tl = Aj H 1 1 . 



Then we arrive at 

Theorem 4.3. The dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7Y 21 ' 111 ' 111 ' 111 . 
4.4. Spectral type 31,22,211, 1111. For this case, we consider the system <S 4 j with matrices 



Ai = 



( 1 ^ 

(i) 



■bfc? 



^ 4 L 4 t-2 L 3 



)• 



and 



/a „(0) _(0) 
(731 u n W, Q u 



A, = 



(Oh 

14 



Aco — 



a 



12 "13 
^3,2 



V o o o o ; 

Note that a Fuchsian relation 6\ + 26 2 + 63,1 + 63,2 + Pi + P2 + P3 + P4 = is satisfied. 
Let ? = ?i and 



Pi 

(00) 





P2 



21 

(00) (00) 

a 31 a 32 

(00) (00) 








0^ 




41 



a 



42 



P3 

pj 



tpx 
tp 2 

tP3 

We also set 
Then we arrive at 



7 (1) C (2) ( £(D (1) 
'2 C 13^ U 2 c 2 



+ e 2 + e X2 + P2 + P4 ) + bfbfic^c™ - c™c%) 



M)J2), 



.(2) 
'23 



t 



S2) 
'23 



u 2 L 13 



-b?c™-K>c 



_ (1) (2) <?2 
3 "13 ^4 L 14' j 

, (l) r (2) (2) _ (2) (2h 
^4 ^13 c 24 L 14 L 23^ 

Z7 (1) C (2) 
i/ 2 c 13 



,(1) 



„(2)' 
'13 



^3 



^(D f (i) (2) _ u; W) 

^2 V c 4 c 13 c 3 c 14^ 

(2) (2) _ (2) (2) 
c 13 c 24 c 14 c 23 



H = 



q x px q 2 p 2 q 3 p3 
H 1 1 . 
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Theorem 4.4. The dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7Y 31 ' 22,211,1111 . 
4.5. Spectral type 22, 22, 211,211. For this case, we consider the system S 4 j with matrices 



(pi - C®BP c®) , 



B 



(a 



4 



*2 



,(0 „(0 



13 

,(0 

'23 



(/= 1,2), 



and 



A, = 



#3,1 







(0) 

a n 


a (0) 


(Oh 

a 

u 14 




fPl 

(oo) 

a 21 

(oo) 
a 31 








°1 


#3,2 


a 23 


(0) 

a 

u 24 


4 


P2 

(oo) 

















P3 











o J 




(oo) 
^41 


(oo) 
"42 





P3> 



Note that a Fuchsian relation 26 1 + 26 2 + #3,1 + #3,2 + Pi + P2 + 2p 3 
Let t = t\ and 



is satisfied. 



Pi = V 



- I,(1) C C2) + M- /c 



31^13 



(D„(2) 
41 L 14 ' 



4l = 



JDJ2) 
c 13 c 24 



JDJ2) 
c 14 c 23 



„(2)„(2) _ (2) (2) ; 
c 13 t '24 c 14 t "23 



P 2 = — 



(£ (1) c (2) + b (l) c (2) )(c (2) c (2) 



'23 "14 



c (2) c (2) ) 

c 24 c 13 ' 



J2) _ _(l)-(2) 
c 13 c 14 c 14 c 13 



42 = - 



(c: 



(D„(2) 
23 c 24 



JD„(2) V JD„(2) _ (1) J2k 
24 23 13 c 14 L 14 c 13/ 



C„(2) _(2) _ (2) (2)w (2) (2) _ (2) (2k 
\ L I3 24 14 23 ''•23 14 L ?4 L 13'' 



'24^13 - 



P3 = # 



32^23 



,(D (2) 
42 L 24 ' 



13 = 



„(1)„(2) 
c 23 c 14 



„(1)„(2) 
c 24 c 13 



(2) (2) _ (2) (2) • 
L 14 L 23 c 13 c 24 



We also set H = K\. Then we arrive at 

Theorem 4.5. The dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7Y 22,22 ' 211 ' 211 . 
4.6. Spectral type 22, 22, 22, 1 1 1 1. For this case, we consider the system S 4 j with matrices 



^31 
b ti) 
u Al 



b?2 

*2 



C 



(0 



,(0 JO 



'13 
,(0 
'23 



(1 = 1,2), 



and 



A, = 



^3 



10 





63 






a 



(°) „(0h 



23 








fl, 4 

(0) 
«24 



J 



pi 



(00) 

a 31 

(00) 

V« 41 





P2 

(00) 

a 32 

(00) 

<2 






P3 








P4 



Note that a Fuchsian relation 26\ + 26 2 + 26 3 + p\ + p 2 + P3 + p 4 = is satisfied. 
Let t = t\ , 



Pi = — 



(iV„(2)„(2) 

24 



b ( >(c { >c 

u 32 ^13 t ' 



„(2)„(2) 
c 14 c 23 



) 



.(2) 
'14 



1l = 



(C 



(1)J2) 



23^14 



„(DJ2^ 
'24 L 13 - 



r - _ C - C -V (2) - ( C K1, C W - C K1) C W )C 
^ia i-oj V 13 14 14 1^' 



,(DJ2) 
13 L 14 



.(1) (2k (2) 
14 L 13' L 24 



(2k (2) (2) _ ,z, izk 
t-14 ^13^24 L 14 L 23' 



(2) J2k 



<V ( V 2) - ^!U 2 WV 2) _ r ™r w \ 
^13 l 14 c "14 t "13^ t '14 l '24 L 24 L 14' 



,d)J2)s 



42 = 



(2) (2k (2) (2) . . 



P3 = 



14 C 14 V C 13 ^24 
41 L 14 T t/ 42 c 24^ t '14 



(2)„(2h 
14 c 23 > 



+ (b 

-14 



31 ^ 14 T f/ 32 L 24 



)c (2) 

^ c 13 



43 = 



13 



.(1) 
'14 

„(2V 
'14 



and 



6\ + 6 2 + # 3 j +P2 +P3 (^31 C 14 + ^32 C 24)( C 13' C 24 C 14 C 23^ 



,(l)J2)w J2) f2) 



J2) J2)s 



P2 



42 



.(1)J2) 



„(1)„(2) 



C 14 C 24 C 24 C 14 



We also set H = K^. Then we arrive at 

Theorem 4.6. 77ze dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7Y 22 ' 22 ' 221111 . 
4.7. Spectral type 42, 33, 33, 222. For this case, we consider the system <S 6j i with matrices 



Li) 



(!) 



^41 
1,(0 
51 

(0 

61 



(0 




42 


y 43 


(0 


ft® 


52 


^53 


(0 


1,0 


62 





c 



(0 



c 14 
L 24 

JO 
Vc 34 



,(0 
'15 
JO 
'25 
M) 
'35 



J0\ 
c 16 

L 26 
JO 
C 36^ 



a = 1, 



and 



to 





(0) 

n 





#3 


> 

w 23 





























lo 









(0) 

"24 



(0) 

a 

> 

"25 



«2] 

< } 




























J 



^co — 



r pi 


(CO) 

a 3l 

(CO) 

W 41 

(CO) 

fl 51 

(00) 

v« 61 





Pi 

(00) 

a 32 

(CO) 

a 

u 42 

(co) 

w 52 

(co) 

a 62 






P2 











P2 










P3 





0^ 









p 3 ; 



Note that a Fuchsian relation 3#i + 39 2 + 2# 3 + 2pi + 2p 2 + 2p 3 = is satisfied. 
Let t = t\, 



(b ^lP _ b m b (2) )(c (2) c (2) _ 

\V Al U A2 U A2 U 4\ A c 15 C 26 C 16 L 25' 



(2)J2). 



Qi = 



tp 2 = 



qi 
t 



Si 
t 



V^43 V 43 )\U 4l 15 C 36 <-i6 L 35^ £y 42V c 25 C 36 
^„(2)„(2) _ (2) (2X 
^ L 15 L 26 L 16 L 25' 

^(D^d) _ b (l) b il) )(b (l) c w + b w c m ) + (b (l) b (l) - b (l) b (l) )(b W c (l) + b (l) c (l) ) 

41^52 u 42 u 5l ' yu 4\ c 15 Tf/ 42 L 25 ' T ^41 ^62 ^42 ^61 ^41 c 16 T ^42 L 26 > 



L 26 c 35 



X 



(DJl) 
41 L 15 

J 1 ) J 1 ) _ 
C 15 C 26 



,(D„(2) , l,(DJ2) 
41 L 16 T f/ 42 L 26 



JDJD _ JDJD , „(D„(l) 
c 16 c 25 c 25 c 16 T c 26 c 15 



c - + b (r) b {1) )(b 

41 c 16 ^ U 42 U 26^ U 



dU 2 ) 4. /^U 2 ) 
41 ° 15 ~ r f/ 42 L 25 



= -(c 



X 



.(2) (2) 
15 L 26 



V y 41 ^52 



(2) (2) _ (2) (2) 
L 15 L 26 C 16 L 25 

- c (2) c (2) ) 

c 16 l '25 ' 

- b (l) b m )(b m c (2) + b w c (2) ) + (b (l) b {l) - b (l) b (l) ^ u(l) - (2) 

42 51 '^41 15 ^ y 42 L 25 ^ + V^4i ^62 y 42^61 



41^15 



'42 ^25 ■ 



>y u 4l c 16 T l/ 42 L 26 



(DJl) 

41 C 15 

(1) (1) 
C 15 C 26 - 



U 42 U 25 

c (1) c (1) 

t -16 L 25 



)(b\ 



(1)J2) 



,(1)J2) 



41 C 16' + ^42 C 26 



c - + h ( 'b { >)(b 

41 c 16 + U 42 U 26^ U 



41 c 15 T t/ 42 c 25 ^ 



^(2)^( 2 ) _ 
L 15 C 26 



„(2) J2) ' 
L 16 L 25 



14 



and 



(b (1) _ h w Mb K1 '(c K1> c K1) - c Ki 'c Ki> ) + b K1 '(c K1> c K1> - c K1 'c K1 ')] 
(b (1) c (1) + b {l) b {l) )(b m c (2) + b (Y) c {2) ) - (b {l) c (1) + b (1) b m )(b m c (2) + b m c (2) ) 

<£> 41 C 15 -I- V 42 U 25 )^V 4l 1 16 -I- U A2 C 26 ) V^4i^i 6 + u 42 v 2(,)\ u 4\ C 15 +W 42 C 25-' 

(7,(D - ^h^Vr^r® - r {T) r {T) \ 4- r d)rr (2) r (2) - r (2) r (2 ^ + r (1) ( r (2) r (2) - r (2) r (2) M 
\v 43 u 43 ;\c 34 \L, l5 L 26 c i6 c 25'' c 35 vc 16 c 24 L 14 L 26 ' T L 36 ^14 L 25 ^15^24^ 



,(2hri,(l)/Jl)Jl) 



',(1VJ1)J1) 



Pi = 



X 



„(2)„(2) 
L 15 c 26 



„(2)„(2) 
C 16 L 25 



-#3 



We also set 



Then we arrive at 



Theorem 4.7. 77ie dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7Y 42 - 33 ' 33 - 222 . 
4.8. Spectral type 51, 33, 222, 222. For this case, we consider the system Se,i with matrices 



^ = ( B (i))(^- C(1)fi(1) C(1) )' 



( 1 

b (2) 

b (2) 
u 3 

b i2) 
u 4 

b? 

1,(2) 



B 



(i) 



u 4l U 42 U 43 

b ( }} b$ 



51 
(1) 
61 



(2) (2) (2) (2) (2) (2) 



C (d = 



c 14 

c (1) 

L 24 

,(1) 



ft % 



^ C 34 C 35 C 36 ' 



where cf = B x - bfcf - bfcf - bfcf - bfcf - bfcf and 



A? = 



'0 





(0) 

a l§) 


(0) 


(0) 

% 








a 23 


(0) 

a\l 


a 2 > 








03,1 

















#3,1 

















#3,2 


lo 















"l6 

(0) 

a 26 





#3,2/ 



(Pi 



















Pi 














(oo) 
a 31 


(oo) 
a 32 


P2 











(CO) 

a 4l 


(CO) 

a 42 





P2 








W 51 


(oo) 
a 52 








P3 





(oo) 
V% 


(oo) 
a 62 











P3, 



Note that a Fuchsian relation 30i +9 2 + 20 3> i + 2# 3 , 2 + 2pi + 2p 2 + 2p 3 = is satisfied. 

15 ' 



Let t = t\ and 



(c (2) + c (2) /3 (1) ){c (1) (/3 (1) c (1) + b m c m ) - c m (b m c m + b (l) c (1) )) c m b m + c (2) b (l) 

Pl ~ c (2) (/3 (1) c (1) + b (1) c m ) - c (2) (/3 (1) c (1) + b (1) c (1) ) ' qi ~ c (2) + c (2) /3 (1) ' 

L 5 ^^41 C 16 Tt/ 42 c 26' L 6 ^41 <-i5 T6, 42 C 25' L 3 T L 4 ^43 

^( 2 ) & (D _ Z7 (2) ){c (2) (c (2) c (1) - c (2) c (1) ) + c (2) (c (2) c (1) - c (2) c (1) )} + /3 (2) /3 (1) 

_ ^43 ^4 V L 5 L 16 L 6 L 15^ C 2 V C 5 L 26 L 6 C 25 ^ _ _ ^4J_J[^_42_ 

^ 2 _ 7,(1)/ (2) (1) (2) (lh , 1.(1)/ (2) (1) (2) (1)\ ' I 2 ~ 7,(2)7,(1) ;(2)' 

Hi (4 C 16 - C 6 C 15 ) + KM C 26 - C 6 C 25 ) b 3 b 43 ~ b 4 

{(c (2) /3 (1) + c {2) b (r) )b {1) - (c (2) b (l) + c {2) b {l) )b il) ]\(c (2) c w - c (2) c (1) ) - (c (2) c (1) - c (2) c {l) )b (2) } 

P3 ~ h {l) (r i2) r il) - r {2) r (1) \ 4- h (1) ( r {2) r (1) - r (2) r (1) \ 

U 4l^ L 5 L 16 C 6 L \5> ^ W 42V C 5 C 26 C 6 C 25 ^ 

„(2)l(D _ (2) (1) 
<?3 C l °42 C 2 C 41 



? r /2), (1) (2), (1). , (1) , (2), (1) J2)7,(1Kt,(1) • 

We also set 

t 

Then we arrive at 

Theorem 4.8. The dependent variables pj, qj (j = 1, 2, 3) satisfy the system <7Y 51 - 33 - 222 ' 222 . 



5. Particular Solutions 

In this section, we investigate particular solutions of six-dimensional Painleve systems in terms 
of hypergeometric functions. 



5.1. Spectral type 21, 21, 21,21, 111. Under the system 7/21,21,21,21,111^ we cons ider a specializa- 
tion 



Also we set 



Pl = Pl = <?3 = «0 + «1 + «5 + 1 = 0. 

9i 



yi ^2 ys . 
— = qi, — = q2, — = hqipi, 

y 4 y 4 y 4 



where the variable y 4 satisfies a Pfaff system 

d d 
h(h ~ l)-r-logy 4 = (a 5 + l)q u t 2 (t 2 - 1)— logy 4 = t 2 q x p 3 + (a 5 +p 3 + 1)<? 2 . 
Ot\ ot 2 

Then we have 

Theorem 5.1. A vector of variables y = '\y\,y2,y3,y4\ satisfies a rigid system 



dy 

dti 



( M? Mf M<^ 



+ 



+ 



U ti+l U 1 ti 
16 



y (ieZ/2Z), 



(5.1) 



with matrices 



and 



(i) 



M, 



M {1) 



-a 2 


a 2 - 


-a 2 p3 


°1 






(_ 


a\ + a$ + 1 








a 5 + V 


-ai 


a x - 


-aip-i 







M\ l) = 







-a x 


aip 3 





1 


-1 


P3 

















a 5 + 1 














oj 








a i 








J 


ai - 


«3 + 1 


-a 2 


a 2 p3 


-a 5 - 


r 

























































































/7vi — . 



(2) 



-«2 ^2 —&2P3 
-ttl «i -0?lP3 

l -l p 3 



I 
' 



AT' 



(2) 



or 2 















a 2 + a$ + p 3 + 1 Qf5 + p 3 + 1 



1 

0; {0 -a 2 



ff! -a 2 - «3 - P3 + 1 -QT 5 - p 3 - 1 

- 1 -Qf2 - QT3 - p 3 + 1 - 1 





a 2 




1 





Note that, for each i e Z/2Z, the system (|5.1I) is a Fuchsian one with a spectral type 31,31, 22, 211. 



5.2. Spectral type 31,31, 22, 22, 22. Under the system <H 31 - 31 ' 22,22,22^ W£ cons i(j er a specialization 

q\ = <?2 = <?3 = a\ - 2a 2 = 0. 
Note that such a specialization implies A\ = O. We also set 

y\ yi a 1 - 2a 2 

— =P\, —=P2, — = = P3+P1P2, 

y 4 y 4 y 4 2 

where the variable y 4 satisfies a Pfaff system 

(ti-1)— logy 4 = Pi (I6Z/2Z). 

Then we have 

Theorem 5.2. A vector of variables y = '[yi,y 2 ,y3,y4] satisfies a rigid system 



dy 

dtt 



( Mf Mf 
— + — — + — 

t{ — ti + \ ti — 1 tj 
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y (i e Z/2Z), 



(5.2) 



with matrices 



M f (1) = 



M\ Y) = 



M (Y) = 



- 2a 2 ) i(ori - 2or 2 ) 0\ 
\{a\ - 2a 2 ) -\(ct\ - 2a 2 ) 


















on 

\{a x -2a 2 ) -(a Q + a 2 )(a + a 2 + a 5 + 1) 

1 2«o + ce\ + as + 1 - t(qti - 2or 2 ) 



2or + »i + a 5 + 1 



•|(2a () + Q'i)(2ciro + «i + 2a 5 + 2) 

a 3 - 1 0\ 

-\(a\ - 2a 2 ) (a Q + a 2 )(ao + a 2 + a 5 + \) 

a 3 - 1 

U(2tt + ffi)(2ao + ari + 2a 5 + 2) 0) 



0) 



and 



(0 


1 





°1 


1 

















1 





lo 








u 



M? ] = E l2 Ml l) E l2 , Mf =E 12 M (1) E 12 , Mj 2) = E l2 M^E l2 , E 12 



Note that, for each i e Z/2Z, the system (15.21) is a Fuchsian one with a spectral type 3 1 , 22, 22, 22. 

5.3. Spectral type 21, 111, 111, 111. Under the system ty 21 ' 111 ' 111 ' 111 , we consider a specializa- 
tion 



Also we set 



Pi = Pi = P3 = n = 0. 



y A ? ' y 4 t' y 4 t' 



where the variable y 4 satisfies a Pfaff system 



t(t - 1) — logy 4 = (-a i + r/)qi - a 5 q 2 - a 3 + r]. 
at 

Then we have 

Theorem 5.3. A vector of variables y = ! [yi,y 2 ,y3,y4] satisfies a rigid system 

dy (Mi M Q 
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dy _ I M| + Mq\ 
\t- 1 ? / 



(5.3) 



with matrices 



M Q = 



'-ot\ +rj - #2,1 —a\ + r\ #2,1 —os\ + rp 

-as + #2,1 -a 5 -0 2 ,i -as 

(Xt, - Tj -a 3 + T] 

-a 3 + rj -a 3 + 77 —a?, + 77 y 

0(2 ~ T] Ct\ - X] ^ 

-ao - a\- a% 

a 3 + 77 a 3 - 77 

\a 3 -T] a 3 -r] a 3 -T] j 



Note that the system (15.31 ) is a Fuchsian one with a spectral type 211, 211, 211. 

5.4. Spectral type 31,22,211, 1111. Under the system '7/31,22,211,1111 ^ we cons ider a specializa- 
tion 

<?i = <?2 = <?3 = «i + «3 - V = 0- 

Pi 

Note that such a specialization implies A\ = O. We also set 



yi ^2 

— = Pi, — = P2, 

where the variable y 4 satisfies a PfafF system 

d 



— = tpiP3, 



t(t - 1)— logy 4 = tpi + tp 2 + (a 3 - p 4 )t + (a 3 + a 4 + a 5 )(t - 1) 
at 



Then we have 



Theorem 5.4. A vector of variables y = f [yi,y2,y3,y4] satisfies a rigid system 



dy 

dt 



Mi 



M c 



with matrices 



Mi = 



-QTl 
1 



or 5 

-1 



-p 4 (ar 5 -T]-p 4 ) 1 
1 
«5 - n - p 4 



-a x (ax - rj) aia 5 - (ar 5 - p 4 )(?7 + p 4 ) -a x p 4 {a 5 - rj - p 4 ) oc\-rj- pj 



t _ 



Mn 



ar 
-1 





















Wai - »7) -aia 5 + («5 - Pa)0i + Pa) a\P*(pi 5 - rj - p 4 ) a 3 + a 4 + a 5 . 
Note that the system (15.41 ) is a Fuchsian one with a spectral type 22, 211,1111. 



(5.4) 



Appendix A. Hamiltonians of the six-dimensional Painleve system 

In this section, we recall the Hamiltonian of the six-dimensional Painleve systems which have 
been already derived in [|3] [15] |9] [Q. 
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A. 1 . Spectral type 11,11,11,11,11,11 (Garnier system). 

jfiUUUUUi = H W i(a 6 + l,a M + cti-i + a 4 ,a 5 ,ai;q h pi;ti) 
+ qiqi+ip i+ i(2qiPi + q M p M + 2a + a 6 + 1) 
1 



ti - h+x 



qiqi+\{ti{ti - l)Pi - 2ti(t i+l - l)pip i+ i + (U - \)t M p i+x ) 



+ a r ^ q i+ i{(ti - l)Pi - (t i+ x - l)p i+ i} - a i+1 ^' qtiPi ~ Pi+i) 

+ qiqi-iPi-i(2qiPi + qi-xPi-\ + 2a + a 6 + l) 

- - \ qiqi-AtiiU - X)p] - 2u{ti-i - \)p t pi-x + (U - I^mPm) 
ti - H-\ 

+ a?,- ' qi-\{(ti - l)pi - fa.! - l)pi-i) - oti-\— — —^qtiPi ~ Pi-i), 
ti - tj-i ti — ti-\ 

for / e Z/3Z, where 2a + a\ + a 2 + a 3 + a 4 + a 5 + = 0. 

A.2. Spectral type 31,31,1111,1111 (Fuji-Suzuki-Tsuda system). 

^31,31,1111,1111 _ H wl (-a x +T],a 2 + a 4 + a 6 , a , a 3 + a 5 + a 7 - q; q h t) 
+ H m (-a 3 + r],a 4 + a 6 , a Q + a 2 , a x + a 5 + a 7 - q; q h t) 
+ Hyi(-a 5 + rj, a 6 , a + a 2 + a 4 , a { + a 3 + a 7 - q; q h p { ; t) 
+ (q x - l)(q 2 - t){(q x p x + a x )p 2 + Px(p 2 q 2 + a 3 )} 
+ (qx - \)(q 3 - t){(q x pi + a x )p 3 + p\(p 3 q 3 + a 5 )} 
+ (qi ~ 1)(?3 - t){(q 2 p2 + a 3 )p 3 + p 2 (p 3 q 3 + a 5 )}, 

where a + a\ + a 2 + a 3 + a 4 + a 5 + a& + a 7 = 1. 

A 3. Spectral type 33, 33, 33, 321 (Matrix-type sixth Painleve system). 

^33,33,33,321 = _ l)p(Q _ f)p _ ^ _ l)Q{Q _ {)p 

- » 3 Q(Q - t)P - a 4 (Q - l)(Q - t)P + a 2 (a + a 2 )Q] 

where a + a\ + 2a 2 + a 3 + a 4 = 1 and 

I ( \P\ + q\P3 \q2P2 + (<?3 - q\)P3 - 2a 2 - 2a 5 \(q 3 - q\)p 2 + 2q\p 3 

P = - 



t 



Q = -t 



\p 2 \pi + (q 2 + q\)p 3 \q 2 p 2 + (q 3 - q\)p 3 -a 2 -a 5 

P3 \pi \p\ ~ (qi ~ q 2 { )P3 

'q x 2q 2 q 3 - q\ 

1 q x q 2 
U 1 qx ) 
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A. 4. Spectral type 51, 33, 33, 111111 (Sasano system). 

^51,3333,111111 _ Hyi ( a ^ au a 3 + 2a 4 + a 5 + 2a 6 + a 7 , a 3 + a 5 + a 8 ; qi,pi,t) 

+ Hyi(ao + 2a 2 + a 3 , a x + a 3 , 2a 4 + a 5 + 2a§ + aj, a$ + a^;q 2 , p 2 \ t) 
+ H Y i(a + 2a 2 + a 3 + 2a 4 + a 5 ,a x + a 3 + a 5 ,2a 6 + a 7 ,a & ; q 3 , p 3 ;f) 
+ 2{q x - t)p x q 2 {(q 2 - l)p 2 + a 4 ) + 2(q 1 - t)p x q 3 {(q 3 - Y)p 3 + a 6 ] 
+ 2(q 2 - t)p 2 q 3 {(q 3 - l)p 3 + a 6 }, 
where a + a\ + 2a 2 + 2a 3 + 2a 4 + 2a 5 + 2a 6 + a 7 + a 8 = 1 . 

Appendix B. Hamiltonians of the four-dimensional Painleve system 

In this section, we recall the Hamiltonian of the four-dimensional Painleve systems which have 
been classified by Sakai lfT2l . 

B . 1 . Spectral type 11,11,11,11,11 (Garnier system). 

^11,11,11,11,11 _ # vi ( a5 + i fa . +1 + a ^ a ^ a . ; q h pr t .) + q x q 1 p M ^q (Pi + q M p M + 2a Q + a 5 + 1) 

- ———qmitiiti - i)p- - 2ti(t i+1 - \)p\p 2 + {n - \)t i+ xp 2 M } 

H — fj+l 

+ a t *' q i+ i{(ti - l)pi - (t i+l - l)p i+ i] - \ qi(Pi - Pi+i), 

for i 6 Z/2Z, where 2a + ct\ + a 2 + a 3 + a 4 + as = 0. 

B .2. Spectral type 21,21, 111, 111 (Fuji-Suzuki system). 

^21,21,111,111 _ fj yi (- a] + rj 7 a 2 ,a Q + a 4 ,a 3 + a 5 - rj;qupi\t) 
+ Hyi(-a 5 +T],a + a 2 , a 4 , a x + a 3 - 77; q 2 , p 2 ; t) 
+ (qi - t){q 2 - \){{qip\ + a x )p 2 + p\{q 2 p 2 + a 5 )}, 
where oro + oc\ + a 2 + a 3 + a 4 + a$ = 1 . 

B.3. Spectral type 22, 22, 22, 211 (Matrix-type sixth Painleve system). 

^22,22,22,211 = tT[Q{Q _ l)p{Q _ t)p _ {ai _ l)Q{Q _ l)p 

- oc 3 Q(Q - t)P - a 4 (Q - 1)02 - t)P + a 2 (a + a 2 )Q}, 
where ao + a\ + 2a 2 + a 3 + a 4 = 1 and 

P = -( " Pl ~ P2 ), Q = -t( qi M- 

t \q 2 p 2 + a 2 + a 5 ^p x ) \-q 2 q x ) 

B.4. Spectral type 31, 22, 22, 1 1 1 1 (Sasano system). 

^31,22,22,1111 _ // VI ( ff0;Q , liQ , 3 + 2a 4 + a 5 ,a 3 + a 6 ;q u pi;t) 
+ H V i(a + 2a 2 + a 3 ,a x + a 3 ,a 5 ,a 6 ;q 2 ,p 2 ;t) 
+ 2{q x - t)p x q 2 {{q 2 - \)p 2 + a 4 }, 

where ao + a x + 2a 2 + 2a 3 + 2a 4 + as + a^ = 1 . 
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